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1. Quantization of matter 

Schrödinger equation 

𝐻 r   𝜑𝑗 r = 𝐸𝑗 𝜑𝑗 r . 
𝜓 r , 𝑡 =   𝑐𝑗 𝜑𝑗 r  exp −𝑖𝐸𝑗𝑡ħ∞
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Time-independent Schrödinger equation 

In case 𝐻  is NOT a function of time 

Stationary state 
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Schrödinger equation 
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𝜓 r , 𝑡 =   𝑐𝑗 𝜑𝑗 r  exp −𝑖𝐸𝑗𝑡ħ∞

𝑗=1  

Time-independent Schrödinger equation 

In case 𝐻  is NOT a function of time 

General solution: linear combination of stationary states 
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2. Angular momentum 

Classical physics:  L = r × p  

Quantum physics:  Any vector operator 𝑱  with components 𝐽𝑥 , 𝐽𝑦 , 𝐽𝑧  such that the 

commutator 𝐽𝑥  𝐽𝑦 − 𝐽𝑦  𝐽𝑥 ≡  𝐽𝑥 , 𝐽𝑦   = 𝑖 𝐽𝑧  (and similar for cyclic 

permutations of x, y, z), is associated with an angular momentum ħ𝐽.  
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permutations of x, y, z), is associated with an angular momentum ħ𝐽.  

Pure mathematics:  such a vector operator is characterized by states  𝑗 𝑚𝑗  such that 
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                                      𝑚𝑗 = 𝑗, j − 1, j − 2, ……….., − j . 
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Quantum physics:  Any vector operator 𝑱  with components 𝐽𝑥 , 𝐽𝑦 , 𝐽𝑧  such that the 

commutator 𝐽𝑥  𝐽𝑦 − 𝐽𝑦  𝐽𝑥 ≡  𝐽𝑥 , 𝐽𝑦   = 𝑖 𝐽𝑧  (and similar for cyclic 

permutations of x, y, z), is associated with an angular momentum ħ𝐽.  

Pure mathematics:  such a vector operator is characterized by states  𝑗 𝑚𝑗  such that 

J 2   𝑗 𝑚𝑗 = 𝑗 𝑗 + 1  𝑗 𝑚𝑗  𝐽𝑧   𝑗 𝑚𝑗 = 𝑚𝑗 𝑗 𝑚𝑗  
  

𝑗= 0, 1/2, 1, 3/2, …. … 
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- Orbital angular momentum ħ𝑳  

- Spin angular momentum ħS 

- Coupling of angular momenta ħ𝑱1and ħ𝑱2 



Spin angular momentum       𝑠 𝑚𝑠  

 

 

Organic radical   s = ½ , ms = ½ , -½ 

 

 



Spin angular momentum       𝑠 𝑚𝑠  

 

 

Organic radical   s = ½ , ms = ½ , -½ 

 

 

Uhlenbeck         Goudsmit 



Spin angular momentum       𝑠 𝑚𝑠  

 

 

Organic radical   s = ½ , ms = ½ , -½ 

 

 

 

 

 

Fe (III), (3d)5 configuration     High spin S = ⁵⁄₂ , MS =  ⁵⁄₂ , ³⁄₂ , ¹⁄₂ , -¹⁄₂ , -³⁄₂ , -⁵⁄₂  
   

                                                    Low spin S = ¹⁄₂ , MS = ¹⁄₂ , -¹⁄₂  
 



Spin angular momentum       𝑠 𝑚𝑠  

 

 

Organic radical   s = ½ , ms = ½ , -½ 

 

 

 

 

 

Fe (III), (3d)5 configuration     High spin S = ⁵⁄₂ , MS =  ⁵⁄₂ , ³⁄₂ , ¹⁄₂ , -¹⁄₂ , -³⁄₂ , -⁵⁄₂  
   

                                                    Low spin S = ¹⁄₂ , MS = ¹⁄₂ , -¹⁄₂  
 

 ½ ½  

 ½ −½   E1, ϕ1 

E2, ϕ2 



3. Magnetic moment 

Electron 

 

   orbital angular momentum ħ𝑳         magnetic moment μ 𝐿 = −𝑒ħ2𝑚𝑒 𝑳 ≡ −β𝑒𝑳        Bohr magneton 
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Magnetic moment in a magnetic field: 𝑉 = −𝝁. 𝑩 

In quantum physics for the electron spin: 𝐻 = −𝝁𝑆 .𝑩 = 𝑔𝛽𝑒𝑺.𝑩   



4. Spin Hamiltonian  

We know what we have to do: solve the time-independent Schrödinger equation 𝐻𝛹𝑖 = 𝐸𝑖𝛹𝑖  .  
 𝐻 and 𝛹𝑖  are functions of spatial and spin coordinates. 

 

 

Instead of the full Hamiltonian we use a spin Hamiltonian,  

which only contains spin operators. The spatial coordinates 

have been absorbed in phenomenological parameters.  
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4. Spin Hamiltonian  

We know what we have to do: solve the time-independent Schrödinger equation 𝐻𝛹𝑖 = 𝐸𝑖𝛹𝑖  .  
 𝐻 and 𝛹𝑖  are functions of spatial and spin coordinates. 

 

 

Instead of the full Hamiltonian we use a spin Hamiltonian,  

which only contains spin operators. The spatial coordinates 

have been absorbed in phenomenological parameters.  

 

Working with the spin Hamiltonian allows interpretation 

of the EPR spectrum without calculating the full wave function. 

 

- Replace the Hamiltonian by the spin Hamiltonian. 

- The spin Hamiltonian only works on the spin part of the wave function. 

- Find the spin eigenfunctions and the corresponding eigenvalues. 

- Interpret the EPR spectrum and determine the “tensors”. 
 

- Interpret the tensors in terms of the electronic structure. 

spin operator 𝐻0 = 𝛽𝑒S  𝑔B 0 𝑔 tensor 



𝑆𝑝𝑖𝑛 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛        𝐻0 = 𝐻𝑒𝑍 + 𝐻𝑧𝑓𝑠 + 𝐻ℎ𝑓 + 𝐻𝑛𝑍 + 𝐻𝑛𝑞. 



- The electron Zeeman interaction 𝐻𝑒𝑍 = 𝛽𝑒S  g B 0. 

 g second rank tensor 

 𝑔𝑥𝑥 𝑔𝑥𝑦 𝑔𝑥𝑧𝑔𝑦𝑥 𝑔𝑦𝑦 𝑔𝑦𝑧𝑔𝑧𝑥 𝑔𝑧𝑦 𝑔𝑧𝑧  

in principal axes system 

 𝑔𝑥 0 00 𝑔𝑦 00 0 𝑔𝑧  

cubic symmetry 𝑔𝑥 = 𝑔𝑦 = 𝑔𝑧  

axial symmetry   𝑔𝑥 = 𝑔𝑦 ≡ 𝑔⊥  𝑎𝑛𝑑 𝑔𝑧 ≡ 𝑔∥ 

𝑆𝑝𝑖𝑛 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛        𝐻0 = 𝐻𝑒𝑍 + 𝐻𝑧𝑓𝑠 + 𝐻ℎ𝑓 + 𝐻𝑛𝑍 + 𝐻𝑛𝑞. 

Pieter Zeeman 

Nobel prize in Physics 1902 



S = ½   Spin label TEMPONE in water/glycerol (50/50 % vol) 

EPR spectra 

at 275 GHz 



- The zero-field splitting 𝐻𝑧𝑓𝑠 = S  D S . 

  

D second rank tensor 

in principal axes system 

 𝐷𝑥 0 00 𝐷𝑦 00 0 𝐷𝑧  

 

When taken traceless 

𝐻𝑧𝑓𝑠 = 𝐷 𝑆𝑧2 − 13𝑆(𝑆 + 1 + 𝐸(𝑆𝑥2 − 𝑆𝑦2  

𝐷 ≡ 3𝐷𝑧 2  𝐸 ≡ 𝐷𝑥 − 𝐷𝑦  

cubic symmetry 𝐷 = 𝐸 = 0 

axial symmetry 𝐷 ≠ 0, 𝐸 = 0 

lower symmetry 𝐷 ≠ 𝐸 ≠ 0 

𝑆 > 1 2  



- The zero-field splitting 𝐻𝑧𝑓𝑠 = S  D S . 
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𝐻𝑧𝑓𝑠 = 𝐷 𝑆𝑧2 − 13𝑆(𝑆 + 1 + 𝐸(𝑆𝑥2 − 𝑆𝑦2  
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𝐻𝑧𝑓𝑠 = 𝜇04𝜋 𝑔2𝛽𝑒2 s 1. s 2𝑟3 − 3 s 1. r s 2. r𝑟5  



Human serum transferrin  

high-spin Fe(III) 
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S = 5/2 



- The hyperfine coupling 𝐻ℎ𝑓 =  S  A 𝑘I 𝑘𝑘 . 

  

- The nuclear Zeeman interaction 𝐻𝑛𝑍 = −𝛽𝑛  𝑔𝑘𝑰 𝑘B 0𝑘 . 
  

- The nuclear quadrupole interaction 𝐻𝑛𝑞 = I  P I . 

𝑨 = aiso𝟏 + 𝑻. 

 I ≥ 1   



Electron spin in a magnetic field B0 = (0, 0, B0) 
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 ½ ½  

 ½ −½   

½𝑔β𝑒𝐵0 

−½𝑔β𝑒𝐵0 

Δ𝐸 = 𝑔β𝑒𝐵0 
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5. EPR transitions 

Transition? 𝐻1(𝑡) = 𝛽𝑒S  g B 1(𝑡  

 
 probability  ½ ½ 𝐻1 ½ −½ 2 𝛿 Δ𝐸 − ħ𝜔𝑚𝑤  



6. Equation of motion 𝑑μ𝑑𝑡 = μ × γB 0 

𝜔0 = 𝛾𝐵0 

classical mechanics 

  precession of μ around B0 with angular frequency 
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6. Equation of motion 𝑑μ𝑑𝑡 = μ × γB 0 
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classical mechanics 

in reference frame that rotates with angular frequency Ω : 𝛿μ𝛿𝑡 = μ × 𝛾𝑩𝑒𝑓𝑓   B𝑒𝑓𝑓= B 0 + Ω𝛾  

  precession of μ around B0 with angular frequency 
B0 

μ 

quantum mechanics 

 

this description applies to 

       - the expectation value of μ 

       - the magnetization M of an ensemble of spins 



EPR experiment B (𝑡) = B 0 + B 1(𝑡) 𝑑M𝑑𝑡 = M × −𝑔 𝛽𝑒 ħ B  0 + B  1(𝑡)  

B 1(𝑡) = 2𝐵1cos(𝜔𝑚𝑤𝑡) e 𝑥 
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EPR experiment B (𝑡) = B 0 + B 1(𝑡) 𝑑M𝑑𝑡 = M × −𝑔 𝛽𝑒 ħ B  0 + B  1(𝑡)  

B 1(𝑡) = 2𝐵1cos(𝜔𝑚𝑤𝑡) e 𝑥 

𝛿M𝛿𝑡 = M × −𝑔𝛽𝑒ħ B 𝑒𝑓𝑓 

B 𝑒𝑓𝑓 = B0 − ħ𝜔𝑚𝑤𝑔𝛽𝑒 e  𝑧 ′ + 𝐵1e  𝑥 ′  

In rotating frame, 

angular frequency ωmw about z-axis 
precession about Beff 

Beff almost parallel z’- axis,  

even close to resonance 

At resonance  B 𝑒𝑓𝑓 = 𝐵1e 𝑥 ′  , which implies a precession of M about e 𝑥 ′ , in the (e 𝑦 ′ − e 𝑧 ′ ) - plane,  

with the so-called Rabi frequency 𝜔1 = 𝑔𝛽𝑒ħ 𝐵1 . 
     



z=z’ 

y’ x’ 

M 

Ensemble of spins in thermal equilibrium,  

switching on B 1(𝑡) at 𝑡 = 0: 
 𝑀𝑧 𝑡 = 𝑀0 𝑐𝑜𝑠𝜔1𝑡.  
 

After a short time τ the magnetization M has turned  

over an angle ω1τ in the rotating frame.  

 

After rotation over 90 degrees (π/2-pulse) 𝑀𝑧 = 0 ,  
after rotation over 180 degrees (π-pulse) 𝑀𝑧 = −𝑀0 . 



7. Density matrix formalism 

S = ½ 

Arbitrary spin state   𝜒 = 𝑐1 1 + 𝑐2 2   χ = 𝑐1𝑐2  

 ½ ½ ≡  1   ½ −½  ≡  2  
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bra(c)ket 

Paul Dirac  

Nobel prize in Physics 1933 
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7. Density matrix formalism 

S = ½ 

Arbitrary spin state   𝜒 = 𝑐1 1 + 𝑐2 2   χ = 𝑐1𝑐2   χ =  1 𝑐1∗ +  2 𝑐2∗ 
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< 𝐴 > =  𝜒 𝐴 𝜒 =𝑐1∗𝑐1 1 𝐴 1 + 𝑐1∗𝑐2 1 𝐴  2 + 𝑐2∗𝑐1 2 𝐴 1 + 𝑐2∗𝑐2 2 𝐴 2  .  𝐀𝑗𝑘 ≡  𝑗 𝐴 𝑘  𝑗, 𝑘 = 1,2    < 𝐴 > = 𝑐1∗𝑐1A11 + 𝑐1∗𝑐2A12 + 𝑐2∗𝑐1A21 + 𝑐2∗𝑐2A22 

ρ𝑗𝑘 =  𝑗 𝜌 𝑘 = 𝑐𝑗 𝑐𝑘∗           density matrix      < 𝐴 > = ρ11A11 + ρ21A12 + ρ12A21 + ρ22A22 

< 𝐴 > = ρ11A11 + ρ21A12 + ρ12A21 + ρ22A22 =   ρ𝑗𝑘A𝑘𝑗𝑘 =𝑗  (ρA)𝑗𝑗𝑗 = Tr(ρA) 
ρ = 𝑐1𝑐1∗  𝑐1𝑐2∗𝑐2𝑐1∗  𝑐2𝑐2∗ = 𝑐1𝑐2 𝑐1∗𝑐2∗ =  χ χ† 𝜌 =  𝜒   𝜒          density operator  

𝝌† = (𝑐1∗ 𝑐2∗) 



Evolution of the spin state  𝜒  under the Hamiltonian 𝐻: 
 

Schrödinger equation   𝑖ħ 𝛛𝛛𝑡  χ = 𝐻 χ  
 

in matrix form   𝑖ħ χ = H χ 

 



Evolution of the spin state  𝜒  under the Hamiltonian 𝐻: 
 

Schrödinger equation   𝑖ħ 𝛛𝛛𝑡  χ = 𝐻 χ  
 

in matrix form   𝑖ħ χ = H χ 

 

in terms of the density matrix   𝑖ħ ρ = 𝑖ħ χ χ† + χχ † = Hχχ† − χχ†H = Hρ − ρH ≡ H, ρ  

 

in operator form   𝑖ħ 𝜌 = 𝐻, 𝜌            Liouville-von Neumann equation 

 

 

formal solution   𝜌(𝑡) = 𝑒− 𝑖/ħ 𝐻𝑡𝜌(0)𝑒(𝑖/ħ)𝐻𝑡 



Evolution of the spin state  𝜒  under the Hamiltonian 𝐻: 
 

Schrödinger equation   𝑖ħ 𝛛𝛛𝑡  χ = 𝐻 χ  
 

in matrix form   𝑖ħ χ = H χ 

 

in terms of the density matrix   𝑖ħ ρ = 𝑖ħ χ χ† + χχ † = Hχχ† − χχ†H = Hρ − ρH ≡ H, ρ  

 

in operator form   𝑖ħ 𝜌 = 𝐻, 𝜌            Liouville-von Neumann equation 

 

 

formal solution   𝜌(𝑡) = 𝑒− 𝑖/ħ 𝐻𝑡𝜌(0)𝑒(𝑖/ħ)𝐻𝑡 
𝜋2 𝜋 echo 

t 
0     τ          τ ρ(2𝜏) = exp −𝑖ħ𝐻𝜏 exp −𝑖𝜋𝑆𝑥 exp −𝑖ħ𝐻𝜏 exp −𝑖𝜋2 𝑆𝑥 𝜌 0 exp +𝑖𝜋2𝑆𝑥 exp +𝑖ħ𝐻𝜏 exp +𝑖𝜋𝑆𝑥 exp (+𝑖ħ𝐻𝜏) 



So far for the introduction to the  



Tutorials 

 

1. Angular momentum. 

2. Coupling of two spin-½ systems: a biradical. 

3. Spin Hamiltonian. 

4. The EPR spectrum of a nitroxide radical at 9.5 and 275 GHz. 

5. High-spin Co(III). 

6. Density matrix. 

7. A two-spin system and the evolution of the density matrix: 

       electron-spin-echo spectroscopy of radical pairs. 


